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A CLASSIFICATION OF TOPOLOGICALLY STABLE
POISSON STRUCTURES ON A COMPACT ORIENTED
SURFACE
OLGA RADKO
Abstrat. Poisson strutures vanishing linearly on a set of smooth
losed disjoint urves are generi in the set of all Poisson strutures on
a ompat onneted oriented surfae. We onstrut a omplete set of
invariants lassifying these strutures up to an orientation-preserving
Poisson isomorphism. We show that there is a set of non-trivial inn-
itesimal deformations whih generate the seond Poisson ohomology
and suh that eah of the deformations hanges exatly one of the las-
sifying invariants. As an example, we onsider Poisson strutures on the
sphere whih vanish linearly on a set of smooth losed disjoint urves.
1. Introdution
Reently several results were obtained onerning the loal lassiation
of Poisson strutures on a manifold. Aording to the Splitting Theorem
[10℄, the problem of loal lassiation an be redued to the lassiation
of strutures vanishing at a point. In dimension 2, V. Arnold [1℄ obtained
a hierarhy of normal forms of germs of Poisson strutures degenerate at a
point (see also a paper by P. Monnier [6℄ for a detailed exposition.) Using
the notion of the modular vetor eld of a Poisson struture, J.-P. Dufour
and A. Haraki [2℄ and Z.-J. Liu and P. Xu [5℄ obtained a omplete loal
lassiation of quadrati Poisson strutures in dimension 3. Some results
related to loal lassiation of Poisson strutures in dimensions 3 and 4
were also obtained by J. Grabowski, G. Marmo and A. M. Perelomov in [4℄.
However, not muh is known in relation to the global lassiation of
Poisson strutures on a given manifold (i.e., lassiation up to a Poisson
isomorphism, see [12℄ for a general disussion). In this paper we give an
expliit example of a global lassiation of a ertain set of Poisson strutures
on a ompat oriented surfae Σ.
For a ompat onneted oriented surfae Σ and n ≥ 0 we onsider the set
Gn(Σ) of Poisson strutures on Σ whih vanish linearly on a set of n smooth
simple losed non-interseting (in short, disjoint) urves. In partiular, G0(Σ)
is the spae of sympleti strutures. The set G (Σ)
.
=
⊔
n≥0 Gn(Σ) is dense
in the vetor spae Π(Σ) of all Poisson strutures on Σ. We all Poisson
strutures in G (Σ) topologially stable sine the topology of their zero sets
is unhanged under small perturbations. Loally around a point on a zero
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urve these strutures have the rst order of degeneray in the loal Arnold
lassiation.
The main result of this paper is a omplete lassiation of the topologi-
ally stable strutures G (Σ) up to an orientation-preserving Poisson isomor-
phism. We onstrut the set of invariants of a struture pi ∈ Gn(Σ) whih
onsists of
• the topologial arrangement of the zero urves γ1, . . . , γn of pi taken
with orientations dened by pi (up to an orientation-preserving dieo-
morphism);
• the periods of the restrition of a modular vetor eld Xω0(pi) with
respet to a volume form ω0 to the zero urves of pi;
• the volume invariant of pi generalizing the Liouville volume for a sym-
pleti struture.
We prove that two strutures pi, pi′ ∈ Gn(Σ) are globally equivalent via an
orientation-preserving Poisson isomorphism if and only if all the invariants
for these strutures oinide.
The question of global equivalene of Poisson strutures by orientation-
reversing Poisson isomorphisms an be redued to the orientation-preserving
ase. Let ν : Σ → Σ be an orientation-reversing dieomorphism of
Σ. Two Poisson strutures pi, pi′ ∈ Gn(Σ) are globally equivalent via an
orientation-reversing dieomorphism i ν∗pi and pi
′
are globally equivalent
via an orientation-preserving dieomorphism.
We ompute the Poisson ohomology of a given Poisson struture pi ∈
Gn(Σ) on a ompat oriented surfae Σ of genus g. The zeroth ohomol-
ogy (interpreted as the spae of Casimir funtions) is generated by onstant
funtions and is one-dimensional. The rst ohomology (interpreted as the
spae of Poisson vetor elds modulo Hamiltonian vetor elds) has dimen-
sion 2g + n and is generated by the image of the rst de Rham ohomology
of Σ under the injetive homomorphism p˜i : H∗(Σ) → H∗pi(Σ) and by the
following n vetor elds:
Xω0(pi) · {bump funtion around γi}, i = 1, . . . n.
(The map p˜i on the level of ohomology is indued by the anonial bundle
map p˜i : T ∗Σ → TΣ assoiated to the Poisson struture pi in the following
way: β(p˜i(α))(x)
.
= pi(α, β)(x), where α, β ∈ Γ(T ∗Σ), x ∈ Σ.)
The seond ohomology is generated by a non-degenerate Poisson stru-
ture pi0 on Σ and n Poisson strutures of the form
pii = pi · {bump funtion around γi}, i = 1, . . . , n.
Eah of the generators of the seond ohomology orresponds to a one-
parameter family of innitesimal deformations of the Poisson struture whih
aets exatly one of the numeri lassifying invariants. The deformation
pi 7→ pi+ε ·pi0 hanges the regularized Liouville volume. For eah i = 1, . . . , n
the deformation pi 7→ pi+ ε ·pii hanges the modular period around the urve
γi. This shows that the number of numeri lassifying invariants (n+ 1) for
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Gn(Σ)) equals to the dimension of the seond Poisson ohomology, and is,
therefore, optimal.
As an example we onsider the topologially stable Poisson strutures
G (S2) on the sphere. In this ase, an expliit desription of the moduli spae
of topologially stable Poisson strutures up to an orientation-preserving
Poisson isomorphism is obtained.
Sine topologially stable Poisson strutures onsidered in the present pa-
per have degeneraies of the simplest kind, our work an be onsidered as a
rst step in the diretion of global lassiation of Poisson strutures hav-
ing higher-order degeneraies in terms of the Arnold hierarhy of germs of
Poisson strutures. We plan to pursue this diretion in our future work.
Aknowledgement. I would like to thank my advisor, Prof. A.Weinstein, for
proposing this problem and for many fruitful disussions.
2. Topologially stable Poisson strutures and their
invariants
First we reall the lassiation of sympleti strutures on ompat ori-
ented surfaes whih follows from Moser's theorem.
2.1. Classiation of sympleti strutures. Aording to Darboux's
theorem, all sympleti strutures on a given manifold M are loally equiv-
alent: for eah sympleti form ω and a point p ∈ M2n, there exist
a oordinate system (U, x1, · · · , xn, y1, · · · , yn) entered at p suh that
ω =
∑n
i=1 dxi ∧ dyi on U . Therefore, the dimension of the underlying mani-
fold is the only loal invariant of a sympleti struture.
Denition 1. Two sympleti forms ω and ω′ on M are globally equivalent
if there is a sympletomorphism ϕ : (M,ω)→ (M,ω′).
In ertain ases the following theorem of Moser allows one to lassify
sympleti forms on a given manifold up to global equivalene:
Theorem 1. (Moser, [7℄) Let ω and ω′ be sympleti forms on a ompat
onneted manifold M . Suppose that [ω] = [ω′] ∈ H2(M) and that the 2-
form ωt
.
= (1 − t)ω + tω′ is sympleti for eah t ∈ [0, 1]. Then there is a
sympletomorphism ϕ : (M,ω)→ (M,ω′).
The total Liouville volume V (ω)
.
=
∫
M ω ∧ · · · ∧ ω︸ ︷︷ ︸
n
assoiated to a sym-
pleti struture ω on M is a global invariant. That is, if sympleti forms
ω and ω′ on a manifold M with dim(M) = 2n are globally equivalent, their
Liouville volumes are equal, V (ω) = V (ω′).
In the ase of a ompat 2-dimensional manifold Moser's theorem implies
Corollary 1. On a ompat onneted oriented surfae Σ two sympleti
strutures ω, ω′ are globally equivalent i the assoiated Liouville volumes
are equal:
∫
Σ ω =
∫
Σ ω
′
.
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2.2. Desription of the set G (Σ) of topologially stable strutures
on Σ. Let Σ be a ompat onneted oriented 2-dimensional surfae. Sine
there are no non-trivial 3-vetor elds, any bivetor eld gives rise to a
Poisson struture. Thus, Poisson strutures on Σ form a vetor spae Π(Σ).
For n ≥ 0 let Gn(Σ) ⊂ Π(Σ) be the set of Poisson strutures pi on Σ suh
that
• the zero set Z(pi)
.
= {p ∈ Σ|pi(p) = 0} of pi ∈ Gn(Σ) onsists of n
smooth disjoint urves γ1(pi), · · · , γn(pi);
• pi vanishes linearly on eah of the urves γ1(pi), · · · , γn(pi).
In partiular, G0(Σ) is the set of sympleti strutures on Σ. Let G (Σ)
.
=⊔
n≥0 Gn(Σ). The sympleti leaves of a Poisson struture pi ∈ G (Σ) are
the points in Z(pi) =
⊔n
i=1 γi (the 0-dimensional leaves) and the onneted
omponents of Σ\Z(pi) (the 2-dimensional leaves.) We all Poisson strutures
in G (Σ) topologially stable sine the topology of their zero sets is unhanged
under small perturbations.
Unless indiated otherwise, throughout the paper we denote by ω0 a sym-
pleti form ompatible with the orientation of Σ and by pi0 the orrespond-
ing Poisson bivetor. Sine any pi an be written as pi = f · pi0 for a funtion
f ∈ C∞(Σ), we have Π(Σ) = C∞(Σ) · pi0. The subspae Gn(Σ) orresponds
in this way to the produt Fn(Σ) · pi0, where Fn(Σ) is the spae of smooth
funtions for whih 0 is a regular value and whose zero set onsists of n
smooth disjoint urves.
Aording to the Elementary Transversality Theorem (see, e.g., Corollary
4.12 in [3℄), the set F (Σ) =
⊔
n≥0 Fn(Σ) of funtions for whih 0 ∈ R is
a regular value forms an open dense subset of C∞(Σ) in the Whitney C∞
topology. Therefore, we have the following
Proposition 1. The set of Poisson strutures G (Σ) is generi inside of
Π(Σ), i.e. G (Σ) is an open dense subset of the spae Π(Σ) of all Poisson
strutures on Σ endowed with the Whitney C∞ topology.
Of ourse, for some sets of disjoint urves on a surfae there are no fun-
tions (and, therefore, no Poisson strutures) vanishing linearly on that set
and not zero elsewhere. For example, suh is the ase of one non-separating
urve on a 2-torus.
We will use the following denition
Denition 2. Two Poisson strutures pi and pi′ on an oriented manifold P
are globally equivalent if there is an orientation-preserving Poisson isomor-
phism ϕ : (P, pi)→ (P, pi′).
The main goal of this paper is to lassify the set G (Σ) of topologially
stable Poisson strutures up to global equivalene.
First, we will need the following
Lemma 1. A topologially stable Poisson struture pi ∈ Gn(Σ) denes an
orientation on eah of its zero urves γi ∈ Z(pi), i = 1, . . . , n. Moreover, this
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indued orientation on the zero urves of pi does not depend on the hoie of
orientation of Σ.
Proof. Let ω0 be a sympleti form on Σ, and pi0 = (ω˜
−1
0 ⊗ ω˜
−1
0 )(ω0) be the
orresponding Poisson bivetor. Sine pi = f · pi0 and f vanishes linearly on
eah of γi ∈ Z(pi) and nowhere else, f has onstant sign on eah of the 2-
dimensional sympleti leaves of pi. In partiular, f has the opposite signs on
two leaves having a ommon bounding urve γi. This denes an orientation
on γi in the following way. For a non-vanishing vetor eld X tangent to
the urve γi, we say that X is positive if ω0(X,Y ) ≥ 0 for all vetor elds Y
suh that LY f ≥ 0. We say that X is negative if −X is positive.
Suppose that X is a vetor eld tangent to γi and positive on γi with
respet to the hosen orientation of Σ. If ω′0 is a sympleti form induing
the opposite orientation on Σ, then ω′0 = −α · ω0 with α ∈ C
∞(Σ), α > 0,
and pi = −α ·f ·pi0. Sine for Y
′
suh that LY ′(−α ·f) ≥ 0 we have LY ′f ≤ 0,
it follows that ω0(X,Y
′) ≤ 0 and, therefore,
ω′0(X,Y
′) = −α · ω0(X,Y
′) ≥ 0.
Hene, if X is positive on γi with respet to a hosen orientation of Σ, it is
also positive on γi with respet to the reverse orientation of Σ.
We will refer to this orientation of γi ∈ Z(pi) as the orientation dened by pi.
2.3. Dieomorphism equivalene of sets of disjoint oriented urves.
We will use the following denition:
Denition 3. Two sets of smooth disjoint oriented urves (γ1, . . . , γn) and
(γ′1, . . . , γ
′
n) on an oriented surfae Σ are alled dieomorphism equivalent
(denoted by (γ1, . . . , γn) ∼ (γ1, . . . , γ
′
n)) if there is an orientation-preserving
dieomorphism ϕ : Σ → Σ mapping the rst set onto the seond one and
preserving the orientations of urves. That is to say, for eah i ∈ 1, . . . , n,
there exists j ∈ 1, . . . , n, suh that ϕ(γi) = γ
′
j (as oriented urves.)
Let Cn(Σ) be the spae of n disjoint oriented urves on Σ and Mn(Σ)
be the moduli spae of n disjoint oriented urves on Σ modulo the dieo-
morphism equivalene relation, Mn(Σ) = Cn(Σ)/ ∼. For a set of disjoint
oriented urves (γ1, · · · , γn), let [(γ1, · · · , γn)] ∈ Mn(Σ) denote its lass in
the moduli spae Mn(Σ). If
⊔n
i=1 γi = Z(pi) for a Poisson struture pi,
we will also write [Z(pi)] ∈ Mn to denote the lass of the set of urves
(γ1, . . . , γn) taken with the orientations dened by pi.
The topology of the inlusion Z(pi) ⊂ Σ and the orientations of the zero
urves of a topologially stable Poisson struture pi ∈ G (Σ) are learly in-
variant under orientation-preserving Poisson isomorphisms. In other words,
if pi, pi′ ∈ Gn(Σ) are globally equivalent, [Z(pi)] = [Z(pi
′)] ∈ Mn(Σ).
2.4. Modular period invariants. Reall the denition and some proper-
ties of a modular vetor eld of a Poisson manifold, introdued by A. Wein-
stein in [11℄.
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Denition 4. (Weinstein, [11℄) For a volume form Ω on an orientable Pois-
son manifold (P, pi) the modular vetor eld XΩ of (P, pi) with respet to Ω
is dened by
XΩ · h
.
=
LXhΩ
Ω
, h ∈ C∞(P ).
Here Xh = p˜i(dh) is the hamiltonian vetor eld of h, where p˜i : T
∗M → TM
is the anonial bundle map assoiated to the Poisson bivetor pi.
Modular vetor elds have the following properties (see [11℄ for details):
1. XΩ = 0 i Ω is invariant under the ows of all hamiltonian vetor elds
of pi;
2. For any other Ω′ the dierene XΩ
′
− XΩ is the hamiltonian vetor
eld Xlog|Ω′/Ω|;
3. The ow of XΩ preserves pi and Ω, i.e., LXΩpi = 0 and LXΩΩ = 0;
4. XΩ is tangent to the sympleti leaves of maximal dimension.
Let now pi ∈ Gn(Σ) be a topologially stable Poisson struture on a surfae
Σ as above. A sympleti form ω0 ompatible with the orientation of Σ is
also a volume form on Σ. Sine the modular vetor eld Xω0 preserves pi, it
follows that the restrition of Xω0 to a urve γi ∈ Z(pi) is tangent to γi for
eah i ∈ 1, . . . , n. Sine for another volume form ω′0 the dierene X
ω0−Xω
′
0
is a hamiltonian vetor eld and, therefore, vanishes on the zero set of pi,
it follows that the restritions of Xω0 to γ1, · · · , γn are independent of the
hoie of volume form. It is apparent from the denition of the modular
vetor eld that it is unhanged if the orientation of the surfae is reversed.
Suppose that pi ∈ Π(Σ) vanishes linearly on a urve γ. On a small neigh-
borhood of γ, let θ be the oordinate along the ow of the modular vetor
eld Xω0 with respet to ω0 suh that X
ω0 = ∂θ. Sine pi vanishes linearly
on γ, there exists an annular oordinate neighborhood (U, z, θ) of the urve
γ suh that
U = {(z, θ)| |z| < R, θ ∈ [0, 2pi]}, R > 0,(1)
γ = {(z, θ)| z = 0},(2)
ω0|U = dz ∧ dθ,(3)
pi|U = cz∂z ∧ ∂θ, c > 0.(4)
Using this oordinates, it is easy to verify the following
Claim 1. The restrition of a modular vetor eld to a zero urve γ ∈ Z(pi)
on whih the Poisson struture vanishes linearly is positive with respet to
the orientation on γ dened by pi (see Lemma 1 for the denition of this
orientation.)
Denition 5. (see also [8℄) For a Poisson struture pi ∈ Π(Σ) vanishing
linearly on a urve γ ∈ Z(pi) dene the modular period of pi around γ to be
Tγ(pi)
.
= period of Xω0 |γ ,
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where Xω0 is the modular vetor eld of pi with respet to a volume form
ω0. Sine X
ω0 |γ is independent of hoie of ω0, the modular period is well-
dened.
Using the oordinate neighborhood (U, z, θ) of the urve γ, we obtain
Tγ(pi) =
2pi
c
,(5)
where c > 0 is as in (4.)
It turns out that the modular period of the Poisson struture (4) on an
annulus U is the only invariant under Poisson isomorphisms:
Lemma 2. Let U(R) = {(z, θ)| |z| < R, θ ∈ [0, 2pi]} and U ′(R′) =
{(z′, θ′)| |z′| < R′, θ′ ∈ [0, 2pi]} be open annuli with the orientations in-
dued by the sympleti forms ω0 = dz ∧ dθ and ω
′
0 = dz
′ ∧ dθ′ respe-
tively. Let pi = cz∂z ∧ ∂θ, c > 0 and pi
′ = c′z′∂z′ ∧ ∂θ′ , c
′ > 0 be Pois-
son strutures on U(R) and U ′(R′) for whih the modular periods around
the zero urves γ = {(z, θ)|z = 0} and γ′ = {(z′, θ′)| z′ = 0} are equal,
Tγ(pi) = Tγ′(pi
′). Then there is an orientation-preserving Poisson isomor-
phism Φ : (U(R), pi)→ (U ′(R′), pi′).
Proof. Sine the modular periods are equal, we have c = c′. The map Φ :
(U(R), pi)→ (U ′(R′), pi′) given by
Φ(z, θ) =
(
R′
R
z, θ
)
is a Poisson isomorphism sine
R′
R z ·
R
R′ ∂z ∧ ∂θ = z∂z ∧ ∂θ. It is easy to see
that Φ preserves the orientation.
The fat that this Poisson isomorphism allows to hange the radius of an
annuli will be used later in the proof of the lassiation theorem.
2.5. The regularized Liouville volume invariant. To lassify the topo-
logially stable Poisson strutures G (Σ) up to orientation-preserving Poisson
isomorphisms, we need to introdue one more invariant.
Let ω = (p˜i−1 ⊗ p˜i−1)(pi). This form is smooth only on Σ \ Z(pi) and
denes there a sympleti struture. The sympleti volume of eah of the
2-dimensional sympleti leaves is innite beause the form ω blows up on
the urves γ1, · · · , γn ∈ Z(pi). However, there is a way to assoiate a ertain
nite volume invariant to a Poisson struture in G (Σ), given by the prinipal
value of the integral
V (pi) = P.V.
∫
Σ
ω.
More preisely, let h ∈ C∞(Σ) be a funtion vanishing linearly on γ1, · · · , γn
and not zero elsewhere. Let L be the set of 2-dimensional sympleti leaves
of pi. For L ∈ L the boundary ∂L is a union of urves γi1 , . . . , γik ∈ Z(pi).
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(Note that a leaf L annot approah the same urve from both sides.) The
funtion h has onstant sign on eah of the leaves L ∈ L . Dene
V εh (pi)
.
=
∫
|h|>ε
ω =
∑
L∈L
∫
L∩h−1((−∞,−ε)∪(ε,∞))
ω.
Theorem 2. The limit V (pi)
.
= limε→0 V
ε
h (pi) exists and is independent of
the hoie of funtion h.
Proof. To show that the limit in the denition of V (pi) exists and is well-
dened, it is enough to argue loally, in a neighborhood of the zero set of
the Poisson struture.
For i = 1, . . . , n, let Ui = {(zi, θi)| |zi| < Ri, θi ∈ [0, 2pi]} be annular
oordinate neighborhoods of urves γi suh that the restrition of pi on Ui is
given by pi|Ui = cizi∂zi ∧ ∂θi , ci > 0 and Ui ∩ Z(pi) = γi. Let U =
⊔n
i=1 Ui.
Let h be a funtion vanishing linearly on the urves γ1, · · · , γn and not zero
elsewhere. Let z±i be funtions of θi suh that h(θi, z
±
i ) = ±ε. It sues to
show that the limit
lim
ε→0
P.V.
∫ 2pi
0
∫ z+i
z−i
cidzi ∧ dθi
zi
is equal to zero. Indeed, this limit is equal to∫ 2pi
0
(
lim
ε→0
P.V.
∫ z+i
z−i
cidzi
zi
)
dθi = ci
∫ 2pi
0
lim
ε→0
ln
∣∣∣∣z+iz−i
∣∣∣∣ dθi = 0.
Hene V (pi) ∈ R is a global equivalene invariant of a Poisson struture pi ∈
G (Σ) on an oriented surfae whih we all the regularized Liouville volume
sine in the ase of a sympleti struture (i.e., pi ∈ G0(Σ)) it is exatly the
Liouville volume. If we reverse the orientation of Σ, the regularized volume
invariant hanges sign.
3. A lassifiation of topologially stable Poisson strutures
Theorem 3. Topologially stable Poisson strutures Gn(Σ) on a ompat
onneted oriented surfae Σ are ompletely lassied (up to an orientation-
preserving Poisson isomorphism) by the following data:
1. The equivalene lass [Z(pi)] ∈ Mn(Σ) of the set Z(pi) =
⊔n
i=1 γi of
zero urves with orientations dened by pi;
2. The modular periods around the zero urves {γi 7→ Tγi(pi)| i =
1, . . . , n};
3. The regularized Liouville volume V (pi).
In other words, two Poisson strutures pi, pi′ ∈ Gn(Σ) are globally equivalent
if and only if their sets of oriented zero urves are dieomorphism equivalent,
the modular periods around the orresponding urves are the same, and the
regularized Liouville volumes are equal.
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To prove this result we will need the following
Lemma 3. Let D be a onneted 2-dimensional manifold, and ω1, ω2 be two
sympleti forms on D induing the same orientation and suh that
• ω1|D\K = ω2|D\K for a ompat set K ⊂ D;
•
∫
D ω1 =
∫
D ω2;
Then there exists a sympletomorphism ϕ : (D,ω1) → (D,ω2) suh that
ϕ|D\K = id.
Proof. (Moser's trik.) Let ωt
.
= ω1·(1−t)+ω2·t for t ∈ [0, 1]. Sine ω1|D\K =
ω2|D\K , the form∆(ω)
.
= ω2−ω1 is ompatly supported (supp(∆(ω)) ⊆ K.)
Sine
∫
D ω1 =
∫
D ω2, the lass of ∆(ω) in the seond de Rham ohomology
with ompat support H2

(D) is trivial. Hene ∆(ω) = dµ for a 1-form
µ ∈ Ω1

(D). Then for vt
.
= −ω˜−1t (µ) we have
Lvtωt = dıvtωt + ıvtdωt = dıvtωt = −∆(ω).
Therefore,
Lvtωt +
dωt
dt
= 0.(6)
Let ρt be the ow of the time-dependent vetor eld vt. Sine
d
dt
(ρ∗tωt) = ρ
∗
t
(
Lvtωt +
dωt
dt
)
= 0,
ρ∗tωt = ω1 for all t ∈ [0, 1]. Sine vt = 0 outside of K, it follows that
ρt|D\K = id. Dene ϕ = ρ1. Then ϕ|D\K = id and ϕ
∗ω2 = ρ
∗
1ω2 = ω1 as
desired.
We now have all of the ingredients for the proof of Theorem 3.
Proof. (of Theorem 3.) Let pi and pi′ be two topologially stable Poisson
strutures. Clearly, the oinidene of all of the invariants listed in the
theorem is neessary for pi and pi′ to be isomorphi.
Conversely, assume that all the invariants are the same. Then the zero sets
Z(pi) ⊂ Σ and Z(pi′) ⊂ Σ are dieomorphi and, therefore, we may assume
that Z(pi) = Z(pi′) by replaing pi′ with an isomorphi struture. Sine both
pi = f · pi0 and pi
′ = f ′ · pi0 vanish linearly on eah onneted omponent γ ⊂
Z(pi) = Z(pi′), we an, by one again replaing pi′ by a Poisson-isomorphi
struture, assume that in an annular oordinate neighborhood Ui ≃ S
1 ×
(−1, 1) = {(zi, θi)| θi ∈ [0, 2pi], |zi| < Ri} of γi we have
pi|Ui = cizi∂zi ∧ ∂θ, ci 6= 0,
pi′|Ui = c
′
izi∂zi ∧ ∂θ, c
′
i 6= 0.
Sine the modular periods of pi and pi′ around the orresponding urves are
assumed to be the same, we have 2pi/|ci| = 2pi/|c
′
i|, whih implies |ci| = |c
′
i|.
The fat that the orientations of the onneted omponents of Z(pi) and
Z(pi′) indued by modular vetor elds are the same implies that ci = c
′
i.
Hene pi and pi′ are equal in a neighborhood of Z(pi). By replaing pi′ with
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an isomorphi struture we may assume that pi = pi′ on a neighborhood U
of Z(pi).
Consider the non-ompat manifold N
.
= Σ \ Z(pi). The desired isomor-
phism of pi and pi′ on Σ would follow if we ould argue that pi and pi′ are
isomorphi on N via a dieomorphism ϕ whih is an identity on N ∩ U .
Indeed, ϕ ould then be extended to a dieomorphism ϕ¯ of Σ by setting
ϕ(p) = p for p ∈ Z(pi) and we would learly have ϕ¯∗(pi) = pi
′
. Sine pi and pi′
are nonzero on N , they ome from sympleti strutures ω0f and
ω0
f ′ on N .
These 2-forms oinide on N∩U . Moreover,
∫
N (
ω0
f −
ω0
f ′ ) = V (pi)−V (pi
′) = 0.
Hene
ω0
f and
ω0
f ′ dene the same lass in the ompatly-supported de Rham
ohomology of N . It is now a matter of imitating the proof of Moser's the-
orem to onstrut a time-dependent vetor eld supported on N \ U and
whose ow at time 1 arries ω0f into
ω0
f ′ . Taking ϕ to be that ow at time 1
we nd that we have obtained the desired isomorphism.
Remark 1. Given pi, pi′ ∈ Gn(Σ), one an ask if (Σ, pi) and (Σ, pi
′) are equiv-
alent by an arbitrary (possibly orientation-reversing) Poisson isomorphism.
Fix an orientation-reversing dieomorphism ν : Σ → Σ. Then pi and pi′ are
equivalent by an orientation-reversing dieomorphism if and only if ν∗pi and
pi′ are equivalent by an orientation-preserving dieomorphism. It is not hard
to see that Tγi(pi) = Tν(γi)(ν∗pi) for all γi ∈ Z(pi) and V (pi) = −V (ν∗pi). Thus
the question of equivalene by orientation reversing maps an be redued to
the orientation-preserving ontext of Theorem 3.
Example 1. Let ω and ω′ = −ω be two sympleti strutures on a ompat
oriented surfae. Then ω and ω′ are Poisson isomorphi by an orientation-
reversing dieomorphism, but not by an orientation-preserving dieomor-
phism.
There are, of ourse, similar examples of strutures with non-trivial sets of
linear degeneray. Consider the unit 2-sphere S2 with the ylindrial polar
oordinates (z, θ) away from its poles. Let ω0 = dz ∧ dθ be a sympleti
form on S2 with the orresponding Poisson bivetor pi0. Let pi, pi
′ ∈ G2(S
2)
be the Poisson strutures given by
pi = (z − a)(z − b)∂z ∧ ∂θ, −1 < b < a < 1
and pi′ = −pi. Choose a and b in suh a way that V (pi) = V (pi′) = 0. Let
γ1 = {(z, θ)| z = a} and γ2 = {(z, θ)| z = b} be the zero urves of pi, pi
′
. On
both γ1 and γ2 the orientations dened by pi and pi
′
are opposite to eah
other. Let L
top
= {(z, θ)| a < z < 1}, L
middle
= {(z, θ)| b < z < a} and
L
bottom
= {(z, θ)| − 1 < z < b} be the 2-dimensional leaves (ommon for
both strutures). The strutures pi and pi′ an not be Poisson isomorphi in
an orientation-preserving way sine suh a dieomorphism would have to ex-
hange the two-dimensional disks L
top
and L
bottom
with the annulus L
middle
.
On the other hand, (S2, pi) and (S2, pi′) are learly Poisson isomorphi by an
orientation-reversing dieomorphism (z, θ) 7→ (z,−θ).
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4. Poisson ohomology of topologially stable Poisson
strutures
In this setion we ompute the Poisson ohomology of a given topologi-
ally stable Poisson struture on a ompat onneted oriented surfae and
desribe its relation to the innitesimal deformations and the lassifying in-
variants introdued above. (For generalities on Poisson ohomology see, e.g.,
[9℄.)
First, reall the following
Lemma 4. (e.g., Roytenberg [8℄) The Poisson ohomology of an annular
neighborhood U = {(z, θ)| |z| < R, θ ∈ [0, 2pi]} of a zero urve γ on whih
pi|U = z∂z ∧ ∂θ is given by
H0pi(U, pi|U ) = span〈1〉 = R,
H1pi(U, pi|U ) = span〈∂θ, z∂z〉 = R
2,
H2pi(U, pi|U ) = span〈z∂z ∧ ∂θ〉 = R.
Thus, H0pi(U) is generated by onstant funtions. The rst ohomology
H1pi(U) is generated by the modular lass (∂θ is the modular vetor eld of pi|U
with respet to ω0 = dz∧dθ) and the image of the rst de Rham ohomology
lass of U (spanned by dθ) under the homomorphism p˜i : H1(U)→ H1pi(U),
whih is injetive in this ase. The seond ohomology is generated by pi|U .
Let pi ∈ Gn(Σ) be a topologially stable Poisson struture on Σ. Sine
a Casimir funtion on Σ must be onstant on all onneted omponents of
Σ \ Z(pi), by ontinuity it must be onstant everywhere. Hene H0pi(Σ) =
R = span〈1〉.
We will (indutively) use the Mayer-Vietoris sequene of Poisson oho-
mology (see, e.g., [9℄) to ompute H1pi(Σ) and H
2
pi(Σ).
Let Ui be an annular neighborhood of the urve γi ∈ Z(pi) suh that
Ui ∩ Z(pi) = γi. Let V0
.
= Σ and dene indutively Vi
.
= Vi−1 \ γi for
i = 1, . . . , n. Consider the over of Vi−1 by open sets Ui and Vi. Consider
the exat Mayer-Vietoris sequene of Poisson ohomology assoiated to this
over:
0 → H0pi(Vi−1)
α0i→ H0pi(Ui)⊕H
0
pi(Vi)
β0i→ H0pi(Ui ∩ Vi)
δ0i→
→ H1pi(Vi−1)
α1i→ H1pi(Ui)⊕H
1
pi(Vi)
β1i→ H1pi(Ui ∩ Vi)
δ1i→
→ H2pi(Vi−1)
α2i→ H2pi(Ui)⊕H
2
pi(Vi)
β2i→ H2pi(Ui ∩ Vi) → 0.
By exatness, H1pi(Vi−1) ≃ Im
(
δ0i
)
⊕ kerβ1i , where
β1i ([χ]Ui , [ν]Vi) = [χ− ν]Ui∩Vi , χ ∈ X
1
pi (Ui), ν ∈ X
1
pi (Vi), dpiχ = dpiν = 0,
and [X]W denotes the lass of the (Poisson) vetor eld X|W in H
1
pi(W ).
By Lemma 4, H1pi(Ui) ≃ p˜i(H
1(Ui)) ⊕ span〈∂θi〉 ≃ R
2
. Sine Ui ∩ Vi is
a union of two sympleti annuli, H1pi(Ui ∩ Vi) = p˜i(H
1(Ui ∩ Vi)) = R
2
.
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Therefore,
H1pi(Vi−1) ≃ δ
0
i (H
0
pi(Ui ∩ Vi))⊕ span〈∂θi〉 ⊕ ker
(
β1i |p˜i(H1(Ui))⊕H1pi(Vi)
)
.(7)
Consider also the long exat sequene in de Rham ohomology assoiated to
the same over
0 → H0(Vi−1)
a0i→ H0(Ui)⊕H
0(Vi)
b0i→ H0(Ui ∩ Vi)
d0i→
→ H1(Vi−1)
a1i→ H1(Ui)⊕H
1(Vi)
b1i→ H1(Ui ∩ Vi)
d1i→
→ H2(Vi−1)
a2i→ H2(Ui)⊕H
2(Vi)
b2i→ H2(Ui ∩ Vi) → 0.
By exatness, we have H1(Vi−1) ≃ Im
(
d0i
)
⊕ kerb1i . Sine Vn = Σ \ Z(pi)
is sympleti, H∗pi(Vn) = p˜i(H
∗(Vn)). This together with H
0
pi(Un) ≃ H
0(Un),
H0pi(Un ∩ Vn) = p˜i(H
0(Un ∩ Vn)) implies Im(δ
0
n) = p˜i(Im(d
0
n)) and, therefore,
ker
(
β1n|p˜i(H1(Un)⊕H1pi(Vn))
)
= p˜i(ker(b1n)).
Hene, from (7) it follows that
H1pi(Vn−1) ≃ p˜i(Im(dn−1))⊕ span〈∂θn〉 ⊕ p˜i(H
1(Vn−1)).
For i = n− 2, we have
H1pi(Vn−2) ≃ span〈∂θn−1〉⊕ker
(
β1n−1|p˜i(H1(Un−1)⊕(p˜i(H1(Vn−1))⊕p˜i(Im(d0i )))
)
=
= span〈∂θn−1〉 ⊕ span〈∂θn〉 ⊕ p˜i(H
1(Vn−2)).
Working indutively (from i = n− 1 to i = 0), we obtain
H1pi(Σ) ≃ R
2g+n = H1(Σ)⊕
n⊕
i=1
span〈∂θi〉,
where g is the genus of the surfae Σ.
For the seond Poisson ohomology, we have H2pi(Ui∩Vi) = 0, H
2
pi(Ui) = R
for all i = 1, . . . , n and H2pi(Vn) = 0. Therefore, applying the Mayer-Vietoris
sequene indutively, we obtain
H2pi(Vi−1) ≃ R⊕H
2
pi(Ui)⊕H
2
pi(Vi),
where R is generated by the image of (ri∂ri , −ri∂ri) ∈ H
1
pi(Ui∩Vi) under the
onneting homomorphism δ0i . One an show (similarly to Lemma 4.3.1 in
[8℄) that the lass of the standard non-degenerate Poisson struture pi0|Vi−1
is not trivial in H2pi(Vi−1). Therefore,
H2pi(Σ) ≃ R
n+1 =
n⊕
i=1
H2pi(Ui)⊕ R,
where the rst n generators are the Poisson strutures of the form
pii
.
= pi · {bump funtion around the urve γi}, i = 1, . . . , n,(8)
and the last generator is the standard non-degenerate Poisson struture pi0
on Σ. Therefore, we have proved the following
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Theorem 4. Let pi ∈ Gn(Σ) be a topologially stable Poisson struture on a
ompat onneted oriented surfae Σ of genus g. The Poisson ohomology
of pi is given by
H0pi(Σ, pi) = span〈1〉 = R,
H1pi(Σ, pi) = span〈X
ω0(pi1), · · · ,X
ω0(pin)〉 ⊕ p˜i(H
1
deRham
(Σ)) = Rn+2g,
H2pi(Σ, pi) = span〈pi0; pi1, · · · , pin〉 = R
n+1,
where pi0 is a non-degenerate Poisson struture on Σ , pii ∈ G1(Σ), i =
1, . . . , n is a Poisson struture vanishing linearly on γi ∈ Z(pi) and identi-
ally zero outside of a neighborhood of γi; and X
ω0(pii) is the modular vetor
eld of pii with respet to the standard sympleti form ω0 on Σ.
Notie that the dimensions of the ohomology spaes depend only on the
number of the zero urves and not on their positions. In partiular, the
Poisson ohomology as a vetor spae does not depend on the homology
lasses of the zero urves of the struture. Reall (see, e.g., [9℄) that the
Poisson ohomology spae H∗pi(P ) has the struture of an assoiative graded
ommutative algebra indued by the operation of wedge multipliation of
multivetor elds. A diret omputation veries the following
Proposition 2. The wedge produt on the ohomology spae H∗pi(Σ, pi) of a
topologially stable Poisson struture on Σ is determined by
[1] ∧ [χ] = [χ], [χ] ∈ H∗pi(Σ, pi),
[Xω0(pii)] ∧ [X
ω0(pij)] = 0, i, j = 1, . . . , n,
[Xω0(pii)] ∧ [p˜i(α)] = [α(X
ω0(pii)) · pii] =
(
1
Tγi(pi)
∫
γi
α
)
· [pii],
[p˜i(α)] ∧ [p˜i(α′)] = p˜i(α¯ ∧ α′),
[χ] ∧H2pi(Σ, pi) = 0, [χ] ∈ H
1
pi(Σ)⊕H
2
pi(Σ),
where α,α′ ∈ Ω1(Σ), dα = dα′ = 0.
(Here bar denotes the lass of its argument in the de Rham ohomology
and the brakets [ ] denote the lass in the Poisson ohomology.) We should
mention that the wedge produt ∧ in de Rham ohomology is dual to the
intersetion produt in homology.
This omputation allows one to ompute the number of zero urves γk,
whih determine non-zero homology lasses. To see this, we note that [pik] ∈
H1pi(Σ)∧H
1
pi(Σ) i there exists a 1-form α suh that
∫
γk
α 6= 0, i.e., γk is non-
zero in homology. If Σ is not a sphere, H1
deRham
(Σ) is non-zero. Sine the
intersetion form on H1
deRham
(Σ) is non-degenerate (implementing Poinare
duality), it follows that H1
deRham
(Σ) ∧ H1
deRham
(Σ) 6= 0. Thus in the ase
that Σ is not a sphere, H1pi(Σ) ∧H
1
pi(Σ) has the set
{pi0} ∪ {pik : γk is nontrivial in homology}
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as a basis and so the number of urves γk, whih are non-trivial in homology,
is just dim(H1pi(Σ)∧H
1
pi(Σ))− 1. In the ase that Σ is a sphere, all γk are of
ourse topologially trivial.
We an now interpret the generators of H2pi(Σ, pi) as innitesimal deforma-
tions of the Poisson struture pi and nd out how these deformations aet
the lassifying invariants.
Corollary 2. Let pi ∈ Gn(Σ), Z(pi) =
⊔n
i=1 γi. The following n + 1 one-
parameter families of innitesimal deformations form a basis of H2pi(Σ, pi)
(1) pi 7→ pi + ε · pi0;
(2) pi 7→ pi + ε · pii, i = 1, . . . , n.
Eah of these deformations hanges exatly one of the lassifying invari-
ants of the Poisson struture: pi 7→ pi+ε ·pi0 hanges the regularized Liouville
volume and pi 7→ pi + ε · pii hanges the modular period around the urve γi
for eah i = 1, . . . , n.
5. Example: topologially stable Poisson strutures on the
sphere
It would be interesting to desribe the moduli spae of the spae of topo-
logially stable Poisson strutures on an oriented surfae up to orientation-
preserving dieomorphisms. The rst step would be the desription of the
moduli spae Mn of n disjoint oriented urves on Σ. However, this problem
is already quite diult for a general surfae. Here we will onsider the
simplest example of topologially stable Poisson strutures on the sphere.
Let (γ1, · · · , γn) be a set of disjoint urves on S
2
. Let S1, · · · ,Sn+1 be
the onneted omponents of S2\(γ1, · · · , γn). To the onguration of urves
(γ1, · · · , γn) we assoiate a graph Γ(γ1, · · · , γn) in the following way. The
verties v1, . . . , vn+1 of the graph orrespond to the onneted omponents
S1, . . . ,Sn+1. Two verties vi and vj are onneted by an edge ek i γk is
the ommon bounding urve of the regions Si and Sj .
Claim 2. For a set of disjoint urves γ1, . . . , γn on S
2
the graph Γ(γ1, . . . , γn)
is a tree.
Proof. Let ei ∈ E(Γ(γ1, . . . , γn)) be an edge of the graph orresponding
to the urve γi. Sine S
2 \ γi is a union of two open sets, it follows that
Γ(γ1, . . . , γn) \ ei (i.e., the graph Γ(γ1, . . . , γn) with the edge ei removed) is
a union of two disjoint graphs. Sine this is true for any ei, i = 1, . . . , n, the
graph is a tree.
Choose an orientation on S2 and a sympleti form ω0 (with the Poisson
bivetor pi0) whih indues this orientation. Let pi ∈ Gn(Σ) be a topologially
stable Poisson struture. The funtion f = pi/pi0 has onstant signs on the
2-dimensional sympleti leaves. Let Γ(γ1, . . . , γn) be the tree assoiated to
the zero urves γ1, . . . , γn of pi as desribed above. Assign to eah vertex vi a
sign (plus or minus) equal to the sign of the funtion f on the orresponding
sympleti leaf Si of pi. The properties of pi imply that for any edge of this
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tree its ends are assigned the opposite signs. We will all the tree assoiated
to the zero urves of pi with signs assoiated to its verties the signed tree
Γ(pi) of the Poisson struture pi.
Consider the map Te(pi) : E(Γ(pi))→ R
+
whih for eah edge e ∈ E(Γ(pi))
gives a period Te(pi) of a modular vetor eld of pi around the zero urve
orresponding to this edge. The lassiation Theorem 3 implies
Theorem 5. The topologially stable Poisson strutures pi ∈ Gn(S
2) on the
sphere are ompletely lassied (up to an orientation-preserving Poisson iso-
morphism) by the signed tree Γ(pi), the map e 7→ Te(pi), e ∈ E(Γ(pi)) and the
regularized Liouville volume V (pi). In other words, pi1, pi2 ∈ Gn(S
2) are glob-
ally equivalent if and only if the orresponding Γ(pii), {e 7→ Te(pii)}, V (pii)
are the same (up to automorphisms of signed trees with positive numbers
attahed to their edges.)
The moduli spae of generi Poisson strutures in Gn(S
2) up to Poisson
isomorphisms is
Gn(S
2)/(Poisson isomorphisms) ≃

 ⊔
Γn+1
(R+)n/Aut(Γ, Te)

× R,
where Aut(Γ, Te) is the automorphism group of the signed tree Γ with n+1
verties and with positive numbers Te attahed to its edges e ∈ E(Γ(pi)).
The moduli spae has dimension n + 1 and is oordinatized by {Te(pi)| e ∈
E(Γ(pi))} and V (pi).
A partiular ase of topologially stable Poisson strutures on S2, the
SU(2)-ovariant strutures vanishing on a irle on S2, were onsidered by
D.Roytenberg in [8℄. In the oordinates (z, θ) on the unit sphere these stru-
tures are given by
pib = a(z − b)∂z ∧ ∂θ for |b| < 1, a > 0.
The modular period around the zero urve (a horizontal irle γ =
{(z, θ)| z = b}) and the regularized Liouville volume are given by
Tγ={(z,θ)| z=b}(pi) =
2pi
a
,
V (pi) =
2pi
a
ln
1 + b
1− b
.
Note that for a non-degenerate Poisson struture pib = a(z−b)∂z∧∂θ, |b| > 1
the total Liouville volume is given by the same formula, V (pi) = 2pia ln
∣∣∣ 1+b1−b ∣∣∣.
Corollary 3. Let T ∈ R+ and V ∈ R. A Poisson struture pi ∈ G1(S
2) with
the modular period T and the regularized total volume V is globally equivalent
to the Poisson struture whih in oordinates (z, θ) on S2 is given by
pi(T, V ) =
2pi
T
(
z −
eV/T − 1
eV/T + 1
)
∂z ∧ ∂θ
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and vanishes linearly on the irle z = e
V/T−1
eV/T+1
.
Utilizing Poisson ohomology, D. Roytenberg [8, Corollary 4.3.3, 4.3.4℄
has previously obtained that the strutures pib, −1 < b < 1 are non-trivial
innitesimal deformations of eah other. Similarly, he proved that for eah b,
pib admits no innitesimal resalings. Using Theorem 3, we get the following
improvement of his results:
Corollary 4. (a) The Poisson strutures pib and pib′ are globally equivalent
i b = b′.
(b) For α ∈ R \ {0}, the Poisson strutures pib and αpib are equivalent via an
orientation-preserving Poisson isomorphism (respetively, arbitrary Poisson
isomorphism) if and only if α = 1 (respetively, |α| = 1.) In partiular, pib
admits no resalings.
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